Quelques développements combinatoires autour des groupes de Coxeter et des partitions d'entiers by Pétréolle, Mathias
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q|λ| =
(−q; q2)∞(q2t; q2t)(t−1)/2∞
(−qt; q2t)∞ ,
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    t'
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 
&  (
∑
μ∈DD(t)
q|μ| =
(−q2; q2)∞(q2t; q2t)(t−1)/2∞
(−q2t; q2t)∞ .
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ht(q) = (−q; q)∞ (q
2t; q2t)∞
(−qt; qt)∞ (q
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=
(q2; q2)∞
(q; q)∞
(qt; qt)∞(q2t; q2t)t−2∞ ,
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 
  
 
        #
- 
 
 
& 
 t 5"
 &
   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 (λ, μ)  SC × DD" 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  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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 |λ|+ |μ| 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	 		
	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	 	 t ≥ 2 	  		 ﬁ
    (λ, μ) 	  
	 

	  SC(t+1) × DD(t+1) 
	 
 Δ       	
 
 
     	 λ 	 μ 	 
 
i ∈ {1, . . . , t}  ﬁ 
 Δi := max ({h ∈ Δ, h ≡ ±i− t− 1 ! 2t+ 2} ∪ {i− t− 1}) .
"	 	!	 i − t − 1 	 
	    ﬁ 
		 
 	  #
		!$	 Δ 	 	  !	   ±i− t− 1 ! 2t+ 2
% 		!
	 
 λ = (7, 5, 3, 2, 2, 1, 1) μ = (5, 3, 1, 1) 	 t + 1 = 3  
Δ = {13, 8, 7, 2, 1} Δ1 = 8 	 Δ2 = 13 & '	  
1
7
13
2
8
λ μ
	
  ( 	 Δ Δ1 	 Δ2 
  
	 (λ, μ) ∈ SC(3) ×DD(3)
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Δi 
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 λ 	 μ 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
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 	 	 		 ! 2t + 2
	 ﬃ 
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	 	 	 $*	 φ1 	 φ2   ﬁ	 	
	)
&	!	  	 %
  	 1 	 ﬁ (λ, μ)  
	 

	 
SC(t+1) ×DD(t+1) 2 ﬁ ϕ(λ, μ) := n = (n1, . . . , nt) ∈ Zt !!	  
3  (t+ 1) 	 !
  n2i 	
	&	!	 n2i+1 	  i),!	 !
	
	 φ1(λ) 	
	&	!	 φ2(μ) 4
3  (t+1) 	 
 n2i 	
	&	!	 n2i+1 	  i),!	 !
	 	 φ2(μ)
	
	&	!	 φ1(λ) 
   t ≥ 2 
      ﬁ e := (1, 2, . . . , t)  ϕ
   SC(t+1)×DD(t+1)   Zt   
       
   ϕ(λ, μ) := n = (n1, . . . , nt)
   
56 |λ|+ |μ| = (t+ 1)‖n‖2 + e · n = (t+ 1)
t∑
i=1
(
n2i + ini
)
.
 
     
      
 
    i ∈ {1, . . . , t} 
5 t+ 1 +Δi = σi((2t+ 2)ni + i),
   	
     ˜C  
 
  σi :=
{
1 si ni ≥ 0,
−1 si ni < 0
 	
  
  3  λ, μ      ϕ(λ, μ) =
(−2,−3)     31 = |λ| + |μ| = 3(4 + 9) + 1(−2) + 2(−3)  
 Δ1 = 8
Δ2 = 13   ﬁ " 3 + Δ1 = 11 = − (6n1 + 1)  3 + Δ2 = 16 = − (6n2 + 2) .
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 t 
 t+ 1 *   	 + 	   
"   
 ﬃ   , -	
. (λ, μ)  
  SC(t+1) × DD(t+1) ﬁ n = (n1, . . . , nt)  	

 ϕ  i    {1, . . . , t}    n′ = (n′0, n′1, . . . , n′t)  
	
n′′ = (n′′0, n
′′
1, . . . , n
′′
t ) /	  λ  
	 μ 
 φ  " hλ,  

	 hμ,   / "     ,   λ  
	 μ
0 
   
 / 	 
   /   $% φ φ1 
φ2    
 λ  μ 1  ﬀ   + 	  
  3
4 (t+ 1)  
  	
 
4 i  
  	
 
4 ni  	 
 	    
•   1  t+ 1  
 i = 2j + 1  	
 n2j+1 > 0
     ﬁ  ϕ  " n2j+1 = n′t+1
2
+j+1
   ﬁ 
φ    

,   
  n′t+1
2
+j+1
	
" "/   
		  (t + 1)   λ   / 		     ≤ D(λ)
 " t+1
2
+ j  
 +  ﬁ        n′t+1
2
+j+1
 5		
λ  %   
    " 3
hλ, = 2
[
(t+ 1)(n′t+1
2
+j+1
− 1) + t+ 1
2
+ j + 1
]
− 1
= (2t+ 2)n2j+1 − t− 1 + (2j + 1).
6 
   hλ, ≡ 2j + 1 + t + 1 	 2t + 2   
 		  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hλ, = Δ2j+1  
Δ2j+1 = [(2t+ 2)n2j+1 + (2j + 1)]− t− 1.
•   2  t+ 1  
 i = 2j + 1  	
  n2j+1 < 0
 n2j+1 < 0     n2i+1 = n′t+1
2
+j+1
= −n′t+1
2
−j  n
′
t+1
2
−j > 0 5

 	
" " t+1
2
− j − 1  
  $ /  / 		
     n′t+1
2
−j 5		 λ  %    3
hλ, = 2
[
(t+ 1)(−n′t+1
2
+j+1
− 1) + t+ 1
2
− j
]
− 1
= −(2t+ 2)n2j+1 − t− 1− (2j + 1).
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   1   
Δ2j+1 = − [(2t+ 2)n2j+1 + (2j + 1)]− t− 1.
•   3  t+ 1  
 i = 2j + 1  
 n2j+1 = 0
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•   4  t+ 1  
 i = 2j  
 n2j > 0 " ! 
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2
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hμ, = 2
[
(t+ 1)(n′′t+1
2
+j+1
− 1) + t+ 1
2
+ j + 1
]
− 2
= (2t+ 2)n2j+1 − t− 1 + (2j).
	 	 	 hμ, ≡ 2j + t + 1  2t + 2   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hμ, = Δ2j = [(2t+ 2)n2j + (2j)]− t− 1.
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∏
k≥1
(1− xk)2t2+t
= c1
∑
λ, μ
x|λ|+|μ|
∏
i
((2t+ 2)ni + i)
∏
i<j
(
((2t+ 2)ni + i)
2 − ((2t+ 2)nj + j)2
)
= c1
∑
λ, μ
x|λ|+|μ|
∏
i
σi(t+ 1 +Δi)
∏
i<j
((t+ 1 +Δi)
2 − (t+ 1 +Δj)2).
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 a 	= −1,−2, . . . ,−2t − 1 
  a ≥ 1  a 	≡
0   2t+ 2 
 	 b > a ≥ 1  
	 	  a ≡ b mod 2t+2 " b ∈ A 	 a ∈ A
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 a ∈ A 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∏
a∈max2t+2(A)
a+ 2t+ 2
a
= −
∏
a∈A,a>0
(
1−
(
2t+ 2
a
)2)
.
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 2t+ 2 	      %
1 · 2 · · · (2t+ 1)
(−2t− 1) · · · (−2) · (−1) = −1.
	 	   %
−
∏
a∈A,a>0
(
1−
(
2t+ 2
a
)2)
=
1
(−2t− 1) ×
2
(−2t) × · · · ×
(2t+ 1)
−1 ×
∏
a∈A,a>0
(a− 2t− 2)
a
× (a+ 2t+ 2)
a
,
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 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  	

*    h11 .  Δ′ 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 	 	 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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 μ′ 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7
1
8
2
→ 7
1
8
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  0 1  
 (λ, μ) ∈ SC(3) ×DD(3) 0 
  		 (λ′, μ′)
'	 
   ﬁ   	 	 t+1 = 3 Δ = {13, 8, 7, 2, 1} Δ1 = 8
 Δ2 = 13 .  		 Δ′ = {8, 7, 2, 1} Δ′1 = 8  Δ′2 = 7
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 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      i0  	
 	  
 Δi0 = h11   	
 ﬁ 

∏
i
σi(t+ 1 +Δi)
σ′i(t+ 1 +Δ
′
i)
∏
i<j
(t+ 1 +Δi)
2 − (t+ 1 +Δj)2
(t+ 1 +Δ′i)2 − (t+ 1 +Δ′j)2
=
(
1− 2t+ 2
h11
)(
1− t+ 1
h11
)(
h11
h11 − 2t− 2
2h11
2h11 − 2t− 2
)(
h11 + t+ 1
h11 − t− 1
)
×
∏
j 
=i0
(h11 +Δj + 2t+ 2)(h11 −Δj)
(h11 +Δj)(h11 −Δj − 2t− 2) .
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
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 (
1− 2t+ 2
h11
)(
1− t+ 1
h11
)
=
(
h11
h11 − 2t− 2
2h11
2h11 − 2t− 2
)−1
.
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 σi = σ′i " ﬀ  
     !
  !
 

 
 2t+2 
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 ﬀ 
  
  Δi0  %    &∏
i
σi(t+ 1 +Δi)
σ′i(t+ 1 +Δ
′
i)
∏
i<j
(t+ 1 +Δi)
2 − (t+ 1 +Δj)2
(t+ 1 +Δ′i)2 − (t+ 1 +Δ′j)2
=
σi0(t+ 1 +Δi0)
σ′i0(t+ 1 +Δ
′
i0
)
∏
j 
=i0
(t+ 1 +Δi0)
2 − (t+ 1 +Δj)2
(t+ 1 +Δ′i0)
2 − (t+ 1 +Δj)2 .
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 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
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    h11 − 2t − 2

 ) Δ   
  ) Δ′ . Δ′i0 = Δi0 − 2t− 2 /
    σi0 = σ
′
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
σi0(t+ 1 +Δi0)
σ′i0(t+ 1 +Δ
′
i0
)
=
h11 + t+ 1
h11 − t− 1 .
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σi0(t+ 1 +Δi0)
σ′i0(t+ 1 +Δ
′
i0
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=
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   0 < h11 < t + 1   	
ﬁ 	 Δi0       
 h11 = t+ 1− i0  σi0 = −1      Δ′i0 = i0 − t− 1 = −h11 
σ′i0 = 1     
σi0(t+ 1 +Δi0)
σ′i0(t+ 1 +Δ
′
i0
)
= − t+ 1 + h11
t+ 1− h11 =
h11 + t+ 1
h11 − t− 1 .
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(t+ 1 +Δ′i0)
2 = (t+ 1− h11)2 = (h11 − t− 1)2.
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!% E :=
(⋃
j 
=i0
{h11 +Δj, h11 −Δj − 2t− 2}
)
∪ {h11 − t− 1, h11 − 2t− 2, 2h11 − 2t− 2}.
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{t + 2, . . . , 2t + 1} 7   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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  
m  
  
	  x := h11−2(t+1) 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   	   k > 0
  	  	       H>0      	  	 

   
	
 2t + 2  x 
    	  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∏
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∏
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∏
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∑
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∏
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∏
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h∈H(λ)>
(
h+ (2s+ 2)
h
)
= δλ(−1)#H(λ)≤
∏
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∏
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∏
h∈B0
(
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εh h
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∏
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(
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εh h
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∏
h∈Bi∪Bt−i
(
y − yt(2z + 2)
εh h
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=
∏
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(
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h
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δλx
|λ|/2 ∏
h∈Ht(λ)
(
y − yt(2z + 2)
εh h
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= δλ˜x
|λ˜|/2
× δλ0xt|λ0|/2
∏
h∈H(λ0)
(
y − y(2z + 2)
εh h
)
×
t′∏
i=1
xt|λ
i| ∏
h∈H(λi)
(
y2 −
(
y(2z + 2)
h
)2)
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εh h
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∏
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(
1− xkty2k)2z2+z
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δλ x
|λ|/2y#Ht(λ) =
∏
k≥1
(1− xk)(1− xkt)t′−1(1− (xty2)k)1−t′ .
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∑
λ∈DD
δλ x
|λ|/2 =
∏
k≥1
(1− xk).
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∑
λ∈DD
δλ x
|λ|/2(−1)#Ht(λ)/2 =
∏
k≥1
(1− xk)
∏
k    ≥1
(
1− xkt
1 + xkt
)t′−1
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δλ x
|λ|/2(−1)#Ht(λ)/2 =
∏
k≥1
(1− xk)(1− xkt)t′−1(1− (−1)kxkt)1−t′
=
∏
k≥1
(1− xk)(1− xkt)t′−1∏
k ≥2
(1− xkt)t′−1
∏
k ≥1
(1 + xkt)t
′−1
=
∏
k≥1
(1− xk)
∏
k ≥1
(
1− xkt
1 + xkt
)t′−1
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λ∈DD
δλ x
|λ|/2 ∏
h∈Ht(λ)
(
1− t(2z + 2)
εh h
)
=
∏
k≥1
(1− xk)(1− xkt)(z+1)(2zt+2t−3).
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∑
λ∈DD
δλ x
|λ|/2 ∑
h∈Ht(λ)
h∈Δ
1
h
=
−1
2t
∏
k≥1
(1− xk)
∑
m≥1
xtm
m(1− xtm) ,
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∑
λ∈DD
δλ x
|λ|/2 ∏
h∈Ht(λ)
bt
h εh
= exp(−tb2xt/2)
∏
k≥1
(1− xk)(1− xkt)t′−1.
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∏
k≥1
(1−xk)(1−xkt)t′−1 -	 	 ﬁ .
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∏
k≥1
(
1− (xty2)k)2tz2+4zt−3z+3t′  / y → 0   $
lim
y→0
∏
k≥1
(
1− (xty2)k)3t′ = 1.
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k≥1
(
1− (xty2)k)2tz2+4zt−3z = exp(−(2tz2 + 4zt− 3z)∑
k≥1
(xty2)k
k(1− (xty2))k
)
= exp
(
−tb
2
2
(
xt +O(y2)
))
−→
y→0
exp
(
−tb
2xt
2
)
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 O(y2)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∑
λ∈DD
x|λ|/2
∏
h∈H(λ)
b
h
= exp(b2x/2).
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	"& δλ
∏
h∈H(λ)
εh = (−1)|λ|/2.
      x  −x 
  '  	
 	 ﬃ
	  b2nxtn 
	   
  
 	 n 
  
	&
∑
λ∈DD, |λ|=2tn
#Ht(λ)=2n
δλ
∏
h∈Ht(λ)
1
h εh
=
(−1)n
n!tn2n
.
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∑
λ∈DD, |λ|=2tn+m
#Ht(λ)=2n
δλ
∏
h∈Ht(λ)
1
h εh
=
(−1)nct(m)
n!tn2n
,
 ct(m) 	 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∑
λ∈DD,|λ|=2tn
#Ht(λ)=2n
δλ
∏
h∈Ht(λ)
1
h εh
∑
h∈Ht(λ)
h εh =
3(−1)n
(n− 1)!tn2n .
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λ∈DD,|λ|=2n
δλ
∏
h∈H(λ)
1
h εh
∑
h∈H(λ)
h εh =
3(−1)n
(n− 1)!2n ,
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 y  z 
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∑
λ∈DD
δλ x
|λ|/2 ∏
h∈Ht(λ)
(
y − yzt
h εh
)
=
∏
i≥1
(1− xi)(1− xit)t′−1
1− xit′
(
(1− y2ixit)zt′−1+t′
1− yixit′
)z−1
.
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 δλ x
|λ|/2 ∏
h∈Ht(λ)
(
y − yzt
h εh
)
.
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∏
h∈B0
(
y − yzt
εh h
)
=
∏
h∈H(λ0)
(
y − yz
εh h
)
,

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∏
h∈Bt′
(
y − yzt
εh h
)
=
∏
h∈H(λt′ )
(
y − yz
εh h
)
.
2 v = (j, k)  
  λi 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∏
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(
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=
∏
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h∈Ht(λ)
(
y − yzt
h εh
)
= δλ˜x
|λ˜|/2 × δλ0xt|λ0|/2
∏
h∈H(λ0)
(
y − yz
εh h
)
×
t′−1∏
i=1
⎛⎝xt|λi| ∏
h∈H(λi)
(
y2 −
(yz
h
)2)⎞⎠× δλt′xtλt′/2 ∏
h∈H(λt′ )
(
y − yz
εh h
)
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∑
λ˜∈DD(t)
δλ˜x
|λ˜|/2 =
∏
i≥1
(1− xi)(1− xit)t′−1
1− xit′ ,
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λ0∈DD
δλ0x
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h∈H(λ0)
(
y − yz
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=
∏
i≥1
(1− y2ixit)(z2−3z+2)/2,
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(1− y2ixit)(z2−1)(t′−1),
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∏
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∏
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∑
λ∈DD
δλ x
|λ|/2 ∏
h∈Ht(λ)
bt
h εh
= exp(−bxt′ − tb2xt/2)
∏
i≥1
(1− xi)(1− xit)t′−1
1− xit′ .
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∏
i≥1
(1− xi)(1− xit)t′−1
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 2(
(1− y2ixit)zt′−1+t′
1− yixit′
)z−1
= exp
(
−(z − 1)(zt′ − 1 + t′)
∑
k≥1
(xty2)k
k(1− (xty2))k
)
× exp
(
(z − 1)
∑
k≥1
(xt
′
y)k
k(1− (xt′y))k
)
= exp
(
−tb
2
2
xt − bxt′ +O(y)
)
−→
y→0
exp
(
−tb
2xt
2
− bxt′
)
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∑
λ∈DD,|λ|=tn
#Ht(λ)=n
δλ
∏
h∈Ht(λ)
t
h εh
= [xt
′n] exp(−xt′ − txt/2).
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∑
λ∈DD,|λ|=2n
#H2(λ)=n
δλ
∏
h∈H2(λ)
2
h εh
= [xn] exp(−x− x2) := cn
n!
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∑
λ∈SC
δλ x
|λ| ∏
h∈Ht(λ)
(
y − yzt
h εh
)
=
∏
i≥1
1− xi
1− x2i
(
1− x2it)t′ (1− y2ix2it)(z2−1)t′ .
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 3 δλ x
|λ| ∏
h∈Ht(λ)
(
y − yzt
h εh
)
.
4 Ω(λ) = (λ˜, λ0, λ1, . . . , λt−1)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 9
∏
h∈Bi∪Bt−i−1
(
y − yzt
εh h
)
=
∏
h∈H(λi)
(
y2 −
(yz
h
)2)
.
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  δλ x
|λ| ∏
h∈Ht(λ)
(
y − yzt
h εh
)
= δλ˜x
|λ˜| ×
t′−1∏
i=0
⎛⎝x2t|λi| ∏
h∈H(λi)
(
y2 −
(yz
h
)2)⎞⎠ .
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∑
λ˜∈SC(t)
δλ˜x
|λ˜| =
∏
i≥1
1− xi
1− x2i
(
1− x2it)t′ ,
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⎛⎝∑
λ∈P
x2t|λ|
∏
h∈H(λ)
(
y2 −
(yz
h
)2)⎞⎠t′ =∏
i≥1
(1− y2ix2it)(z2−1)t′ ,
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∑
λ∈SC
δλ x
|λ| ∏
h∈Ht(λ)
bt
h εh
= exp(−b2t′x2t)
∏
i≥1
1− xi
1− x2i
(
1− x2it)t′ .
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i≥1
(1− y2ix2it)(z2−1)t′ = exp
(
−((z2 − 1)t′)
∑
k≥1
y2kx2kt
k(1− (y2kx2kt)k)
)
= exp
(−t′b2x2t +O(y2))
−→
y→0
exp
(−t′b2x2t) ,
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∑
λ∈SC,|λ|=2tn
#Ht(λ)=2n
∏
h∈Ht(λ)
1
h
=
1
n!2ntn
.
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∑
λ∈SC,|λ|=2tn
#Ht(λ)=2n
δλ
∏
h∈Ht(λ)
t
h εh
=
(−1)nt′n
n!
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∑
λ∈SC,|λ|=2tn+m
#Ht(λ)=2n
∏
h∈Ht(λ)
1
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=
sct(m)
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∑
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δλ x
|λ| ∏
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(
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h εh
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∏
i≥1
1− xi
1− x2i
(
1− x2it)t′ 1− x2it
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∏
i≥1
1− xi
1− x2i
(
1− x2it)t′ 1− x2it
1− xit ,
	'   (")"  
  
 	  	' 	 *
  +,	
$ 
 ,
,
$ 	 	$ x 	 	 x2ty2"  
' 
-
∑
λt′∈SC
δλt′x
t|λt′ | ∏
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∏
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(1− yixit)z−1 = exp
(
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∑
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∑
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′
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∏
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∏
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